A spanning subgraph S = (V; E ) of a connected simple graph G = (V; E) is an (x + c)-spanner if for any pair of vertices u and v; dS (u; v)6dG(u; v)+c where dG and dS are the usual distance functions in graphs G and S, respectively. The parameter c is called the delay of the spanner. We investigate the number of edge-disjoint spanners of a given delay that can exist in complete bipartite graphs. We determine the exact number of such edge-disjoint spanners of delay 4 or larger. For delay 2, we obtain many exact values of and some general bounds on this number.
Introduction
Interconnection networks (the topological structure of parallel and distributed systems) are generally modeled as graphs. Consequently, researchers have been investigating those structural properties of graphs that correspond to useful properties of interconnection networks. One such property that has recently been investigated is the existence of spanners in a graph.
A spanner is a spanning subgraph in which the distance between any pair of vertices approximates the distance in the original graph. They were introduced by Peleg and Ullman [16] , who used them for e cient simulation of synchronous distributed systems on asynchronous ones. A ÿrst systematic presentation of spanners and their basic properties in a variety of graph classes was given by Peleg and Sch a er [15] . Spanners
Deÿnitions and preliminary results
We characterize a spanner by its delay, a number which represents how closely it models its underlying graph. A network is represented by a connected simple graph G. We use d G (u; v) to denote the distance from vertex u to vertex v in graph G. In [10] , Liestman and Shermer introduced a general deÿnition of graph spanner: A spanning subgraph S of a connected simple graph G is an f(x)-spanner if for any pair of vertices u and v; d S (u; v)6f(d G (u; v)). We call d S (u; v) − d G (u; v) the delay between vertices u and v in S. For an f(x)-spanner S, we refer to f(x) − x as the delay of the spanner. Note that f(x) − x is an upper bound (but not necessarily a tight bound) on the maximum delay in S between any pair of vertices at distance x in G. A path in S of length d S (u; v) between u and v is called a replacement path, because it replaces the path in G of length d G (u; v).
We are interested in constructing multiple edge-disjoint (x+c)-spanners of a graph G, for appropriate constants c. Let EDS(G; c) denote the maximum number of edge-disjoint (x + c)-spanners of G for c¿0. Note that for all graphs G; EDS(G; 0) = 1.
We use K p; q to denote the complete bipartite graph G = (U; V; E) where U = {u 0 ; u 1 ; : : : ; u p−1 } and V = {v 0 ; v 1 ; : : : ; v q−1 } are the vertex sets and E = U × V . Without loss of generality, we will assume that p6q. In these graphs, d G (u; v) = 1 for any pair of vertices u and v with u ∈ U and v ∈ V and d G (a; b) = 2 for any pair of vertices a; b which are both from the same vertex set.
We begin with a few simple observations: By duplicating a vertex x in a set of edge-disjoint spanners of K p; q , we mean adding a new vertex x whose neighbors in each of the spanners are the same as the neighbors of x. This idea leads us to the following two bounds.
Observation 2.4. EDS(K p+1;q ; c)¿EDS(K p; q ; c) for c¿0.
Observation 2.5. EDS(K p; q+1 ; c)¿EDS(K p; q ; c) for c¿0. Theorem 2.6. For p¿2 and c¿2; p=2 6EDS(K p; q ; c)6p − 1.
Proof. Every vertex must have degree at least one in each spanner. Since each vertex in V has degree p in K p; q there can be at most p edge-disjoint spanners. If there are p edge-disjoint spanners, then each vertex of V has degree exactly one in every spanner. Since p¿2, such a structure would not be connected. Thus, EDS(K p; q ; c)6p − 1.
We will now show how to construct p=2 edge-disjoint (x + 2)-spanners S 0 ; S 1 ; : : : ; S p=2 −1 of K p; p . We will refer to the vertices of U and V with even indices as even vertices and those with odd indices as odd vertices. As in many constructions in this paper, each spanner S i has a hub -a central set of vertices through which many of the replacement paths pass. Typically, a replacement path from x to y will consist of three sections: a subpath from x to the hub, one within the hub, and one from the hub to y.
The hub of S i consists of the vertices u 2i ; u 2i+1 ; v 2i ; v 2i+1 . Vertices with index smaller than 2i are said to be above the hub while those with index larger than 2i + 1 are said to be below the hub. This structure is illustrated in Fig. 1 which shows S 1 in K 8; 8 .
The four vertices of the hub are connected as a complete bipartite graph. Each hub vertex is also connected to all vertices of opposite parity above the hub and to all vertices of the same parity below the center.
More formally, the edges of S i are of ÿve types: •
Consider two vertices a; b in S i . If both are in U (or in V ), then each is connected to a hub vertex in V (or U ) and these two hub vertices are either identical or connected by a path of length two, giving a path of length at most four between a and b. If a is in U and b is in V , then a is adjacent to a hub vertex of V (possibly b) and b is adjacent to a hub vertex of U (possibly a) and these two hub vertices are also adjacent, giving a path of length at most three. Thus, the delay of S i is at most two.
The spanners S 0 ; S 1 ; : : : ; S p=2 −1 are edge-disjoint. Consider two spanners S i and S j with i ¡ j and an even vertex u 2k of U . If k is neither i nor j, then u 2k is connected to a single hub vertex in S i and in S j . Since the hubs of these spanners are disjoint, there are no common edges on u 2k in these spanners. If k = i, then u 2k is a hub vertex in S i and not a hub vertex in S j . Since i ¡ j, in S j , vertex u 2k has exactly one edge, connecting to v 2j+1 . However, in S i ; u 2k is connected only to even vertices of V below the hub. Thus, there are no common edges on u 2k in these spanners. A similar argument holds for k = j. We can repeat the above argument with suitable changes for odd vertices of U , and for both even and odd vertices of V .
Thus, EDS(K p; p ; 2)¿ p=2 and from Observation 2:3, EDS(K p; p ; c)¿ p=2 , for c¿2. With Observation 2:5, we conclude that EDS(K p; p ; c)¿ p=2 for c¿2.
Theorem 2.7. EDS(K p; p ; c) = p=2 for p¿2 and c¿2.
Proof. Theorem 2.6 shows that EDS(K p; p ; c)¿ p=2 .
Since K p; p contains p 2 edges and any spanner of K p; p must contain at least 2p − 1 edges to be connected, there can be at most
At this point, we will continue the analysis in two separate sections. In the following section, we consider the case c¿4 and obtain exact values for all EDS(K p; q ; c). Following that, we consider the remaining case c = 2 and obtain many exact values of and some general bounds on EDS(K p; q ; 2).
Delay at least four
In this section, we establish the value of EDS(K p; q ; c) for c¿4.
Proof. K p; q has pq edges. Each spanner must be connected and thus contain at least p + q − 1 edges. The upper bound follows.
We now show how to construct a set of e = pq=(p + q − 1) spanners of K p; q with delay 4. By Observation 2:3, this will establish the lower bound for all c¿4. If e = 1, then let K p; q be the spanner. We now assume that e¿2. Each spanner will have the following structure: there is a distinguished vertex u ∈ U which we will call the hub of the spanner. Every vertex in U is at distance at most two from u, and every vertex in V is connected to at least one vertex in U . Such a structure is necessarily an (x + 4)-spanner of K p; q , as there is a path of length at most 4 through u between any pair of vertices in U , a path of length at most 5 between any vertex in U and any vertex in V , and a path of length at most 6 between any pair of vertices in V .
Consider a vertex v ∈ V . Vertex v must have degree at least one in each spanner. Since v is of degree p in K p; q , there are p − e 'extra' edges allocated to v. These extra edges will be used in 0, 1, or 2 of the spanners. The vertex v is called a connector in spanner S if all of its extra edges are included in S, a partial connector in S if some of its extra edges are included in S, and a leaf in S otherwise.
We describe how to construct S i for 06i6e − 1. We choose u i as the hub vertex in S i .
If i ¿ 0 and a vertex v was a partial connector used to ÿnish S i−1 then we include the edge from v to u i . We also include k edges from v to the ÿrst k vertices of U \{u i−1 ; u i }, where k is the number of extra edges remaining to be allocated to v.
We now repeat the following step. If there are at least p − e vertices of U not connected to u i by a path of length 2, we introduce a new connector vertex v connected to u i and the ÿrst p − e such vertices of U . If there are fewer than p − e such vertices (but at least one of them), we ÿnish the spanner by introducing a new partial connector vertex v connected to u i and those vertices of U not yet connected to u i by a path of length 2.
Let v be the partial connector used to ÿnish S i−1 . Then, in S i−1 ; v is connected to u i−1 and to the last k vertices u j where p − k6j6p − 1. Observe that i − 1 ¡ e − 1 6p − k, so u i−1 is not among these k vertices. In S i ; v is connected to u i and to some (p − e) − k other vertices u j where 06j6(p − e) − k + 1 (not including u i−1 or u i ). Since p − k ¿ e and e¿2, no edge from v is used in both S i and S i−1 .
We now consider each vertex v ∈ V in turn. If v was used as a connector or partial connector in k of the spanners (k = 1 or 2), then v has at least e − k edges remaining to be allocated. If v was a leaf, then it has p edges remaining to be allocated. We allocate one of these edges of each spanner in which v is neither a connector nor a partial connector.
This construction works provided that q is large enough that we can choose an unused vertex from V whenever we need a new connector or partial connector. In each spanner we have allocated p − 1 'extra' edges, one to each vertex of U except the hub. Over all spanners, we have used (p − 1)e extra edges. Each vertex used as a connector or partial connector in some spanner has all p − e of its extra edges used, except perhaps for the partial connector that ÿnishes S e . Hence, the construction works if
Since e= pq=(p+q−1) , we have e6pq=(p+q−1), which implies pe+qe−e6pq and thus q¿ (pe − e)=(p − e) .
Delay 2
We now turn to the speciÿc case of delay 2. We begin with two lemmas to establish a general upper bound on EDS(K p; q ; 2). Lemma 4.1. Let S be a set of edge-disjoint (x+2)-spanners of K p; q . If some spanner in S is a tree; then |S| = 1.
Proof. Suppose that there is an (x + 2)-spanner S of K p; q that is a tree. S must have a leaf v ∈ V with neighbor u ∈ U . As the delay of S is at most 2, the eccentricity of v is either 3 or 4. If the eccentricity is 3, then u must be adjacent to all vertices of V in S leaving it no edges for a second spanner.
If the eccentricity of v is 4, the tree S must be composed of v; u, and three other sets of vertices Proof. Let S be a set of edge-disjoint (x + 2)-spanners of K p; q . If every spanner in S has at least p + q + 1 edges then |S|6 pq=(p + q + 1) . Otherwise, there is some spanner S ∈ S with at most p + q edges. If S has p + q − 1 edges, then by Lemma 4.1, |S| = 1. Therefore, we consider the remaining case that S has exactly p + q edges, i.e., S contains exactly one cycle C. As K p; q is bipartite, C must be of even length and we denote the vertices of C as u 1 ; v 1 ; u 2 ; v 2 ; : : : ; u k ; v k . Any vertex x not on the cycle has a unique closest vertex on the cycle, which we call the root of x. We examine several cases based on the value of k.
If k¿5, then C is a cycle of size at least 10. Such a cycle contains a pair of vertices a; b at distance at least 5. Due to the structure of S, the only paths between a and b are along the cycle. Thus, a and b are at distance at least 5 in S, and at most 2 in K p; q , so S is not an (x + 2)-spanner. If k = 4, then C is a cycle of size 8. Since q¿5, there is at least one vertex of S which is not on the cycle. Thus, there is a vertex x ∈ C that is adjacent to (without loss of generality) either u 1 or v 1 in S. If x is adjacent to v 1 , then d S (x; v 3 ) = 5 and, if it is adjacent to u 1 , then d S (x; u 3 ) = 5. In either case the delay of S is at least four, a contradiction. If k = 3, then C is a cycle of size 6. There is no vertex at distance two from the cycle, as this vertex would have distance ÿve (delay four) to some vertex in the cycle. Since q¿5, we may without loss of generality assume that u 1 is adjacent to some vertex v ∈ C. (v 3 ) , then, as p¿4, each of v 1 and v 3 are adjacent to some vertex not in C. This implies that neither u 2 nor u 3 is adjacent to a vertex not in C. Thus, the only element of V not adjacent to u 1 is v 2 , and |S|62. If k = 2, then C is a cycle of size 4. There is no vertex at distance three from the cycle as this vertex would have distance ÿve to some vertex in the cycle. Suppose that there is a vertex a at distance two from the cycle. Without loss of generality, we may assume that the root of a is u 1 or v 1 .
Consider the case that u 1 is the root of a. If another vertex b is at distance two from the cycle then the root of b must also be u 1 as otherwise d S (a; b)¿5. Furthermore, if u 2 has a neighbor b ∈ C, then d S (a; b) = 5. Now consider a vertex v ∈ V that is not in the cycle. The root of v cannot be u 2 as u 2 has no non-cycle neighbors. Neither can it be v 1 or v 2 as the only vertices rooted at v 1 or v 2 are at distance one and, hence, in U . So, v must be adjacent to u 1 , implying that all elements of V are adjacent to u 1 . Thus, u 1 has no edges remaining for any other spanners and |S| = 1. The case that the root of a is v 1 is handled similarly.
What remains is the situation when no vertex is at distance two from the cycle. In this case, vertices v 1 and v 2 must together be adjacent to all vertices of U , so deg S (v 1 ) + deg S (v 2 ) = p + 2. Without loss of generality deg S (v 1 )¿ (p + 2)=2 and |S|6 (p − 2)=2 + 1.
In each of the above cases, we have either arrived at a contradiction or shown that |S| is at most p=2 . Let q = p + q where q ¿1. Then, pq=(p + q + 1) = p(p + q )=(2p + q + 1) = p(p + q )=2(p + q ) + (1 − q ) . As 1 − q 60, this number is at least p(p + q )=2(p + q ) = p=2 . It follows that |S|6 pq=(p + q + 1) .
The following technical lemma will be used in the construction of spanners below. Proof. For convenience, we deÿne i 0 = −1 and i h+1 = p − 1.
When
Otherwise, i l 6j 1 + l ¡ i l+1 , for some l; 06l6h; and we let
In the following proofs we will construct a particular type of (x + 2)-spanner of K p; q which we call an h-hub spanner. Such a spanner has h distinguished vertices in U called hubs. Each hub vertex is connected by a path of length 2 to each vertex of U (including the other hubs). Furthermore, each vertex of V is adjacent to at least one hub vertex. An h-hub spanner has delay 2: there is a path of length at most 4 between any pair of vertices in U , a path of length at most 3 between any vertex of U and any vertex of V , and a path of length at most 4 between any pair of vertices in V .
For h¿3, we construct sets of edge-disjoint h-hub spanners of K p; q with overlapping hubs. In particular, we construct spanners S 0 ; S 1 ; : : : ; S p−h+1 with spanner S i having hubs u i ; u i+1 ; : : : ; u i+h−1 , where u p = u 0 . Let M be a matrix with a row for each element of U , a column for each spanner, and entries M ij = 1 if u i is a hub in spanner S j , and M ij = 0 otherwise. Note that M is a matrix of the type described in Lemma 4.3.
In each spanner of such a set, a vertex v of V will be either a connector vertex (a midpoint of a path of length 2 between vertices of U ) or a leaf vertex (a degree one vertex adjacent to a hub). No vertex will be a connector vertex in more than one spanner of a set. In any spanner S i , a connector vertex has degree h − 1, leaving p − h + 1 edges for use in the remaining p − h + 1 spanners. Furthermore, by Lemma 4.3 we can choose any set of h − 1 edges on a connector vertex and be assured that this vertex can be joined to a distinct hub vertex in each other spanner. Thus, we need describe only the edges from v ∈ V in the spanner in which it is a connector, if any.
We treat three separate cases below: even h¿4, odd h¿5, and h = 3.
Theorem 4.4. For even h¿4 and p¿h + 1; EDS(K p; q ; 2)¿p − h + 2 when q¿
Proof. We construct a set S of h-hub spanners S 0 ; S 1 ; : : : ; S p−h+1 . For a particular spanner S i we use 2 (p − h)=(h=2) − 1 + 2 connectors. One connector is made adjacent to hub vertices u i ; u i+2 ; u i+3 ; : : : ; u i+h−1 (again where u p = u 0 ). A second connector is made adjacent to hub vertices u i+1 ; u i+2 ; : : : ; u i+h−1 . These two connectors provide paths of length two between all pairs of hub vertices except u i and u i+1 .
We partition the non-hub vertices of U into (p − h)=(h=2) − 1 sets C j of size at most (h=2) − 1. For each C j , we use 2 connectors, one adjacent to u i ; u i+1 ; : : : ; u i+h=2−1 and the other adjacent to u i+h=2 ; u i+h=2+1 ; : : : ; u i+h−1 . Both of these connectors are also adjacent to every element of C j . Note that these connectors together provide paths of length 2 from each hub to the elements of C j and the ÿrst of these connectors also provides path of length 2 from u i to u i+1 , completing the hub connections.
Since we have p−h+2 spanners in our set, with each spanner using 2 (p−h)=(h=2)− 1 +2 connectors, we can complete this construction if q¿(p−h+2)(2 (p−h)=(h=2)− 1 + 2).
Theorem 4.5. For odd h¿5 and p¿h + 1; EDS(K p; q ; 2)¿p − h + 2 when q¿
Proof. We construct a set S of h-hub spanners S 0 ; S 1 ; : : : ; S p−h+1 . For a particular spanner S i we use (h − 2) (4p − 4h)=(h 2 − 4h + 3) + 2 connectors. One connector is made adjacent to hub vertices u i ; u i+2 ; u i+3 ; : : : ; u i+h−1 (again where u p = u 0 ). A second connector is made adjacent to hub vertices u i+1 ; u i+2 ; : : : ; u i+h−1 . These two connectors provide paths of length two between all pairs of hub vertices except u i and u i+1 .
We partition the non-hub vertices of U into (p − h)=(h 2 − 4h + 3)=4 sets C j of size at most (h 2 
−4h+3)=4=(h−1=2)(h−3=2).
For each C j , we use h−2 connectors. These connectors are of two types. A connector of the ÿrst type connects the ÿrst (h − 1)=2 hub vertices u i ; u i+1 ; : : : ; u i+(h−3)=2 to a set of (h − 1)=2 non-hub vertices. As there are ((h − 1)=2)((h − 3)=2) non-hub vertices in C j , we use (h − 3)=2 connectors of this type. A connector of the second type connects the remaining (h + 1)=2 hub vertices to a set of (h − 3)=2 non-hub vertices; (h − 1)=2 of these connectors are required. Note that any connector vertex of the ÿrst type provides a path of length 2 from u i to u i+1 , completing the hub connections.
Since we have p − h + 2 spanners in our set, with each spanner using (h − 2) (4p − 4h)=(h 2 − 4h + 3) + 2 connectors, we can complete this construction if
Proof. We construct a set S of 3-hub spanners S 0 ; S 1 ; : : : ; S p−2 . For a particular spanner S i , we use 3p − 6 connectors. Each connector has degree two in S i . Three of these connectors are used to give length two paths between each pair of vertices in the hub. The remaining 3p − 9 connectors are used to give length two paths between each of the three hub vertices and each of the p − 3 non-hub vertices of U . Since we have p − 1 spanners in S with each spanner using 3p − 6 connectors, we can complete this construction if q¿(3p − 6)(p − 1).
We now show that we need to have q¿(3p − 6)(p − 1) in order to have a set S of p − 1 spanners of K p; q with delay 2.
Each vertex of V has degree one in (p − 2) of the spanners and degree one or two in the remaining spanner. As in our construction, we refer to a degree-one vertex of a spanner as a leaf and a degree-two vertex of a spanner as a connector. Similarly, we will call a vertex of U a hub of a spanner if in the spanner it is of distance at most two to every other vertex of U . In any spanner, each leaf of V must be adjacent to a hub vertex, in order to have distance at most 3 to every vertex of U .
In each spanner S, there is at least one leaf in V . Otherwise, every element of V is a connector and |S| = 1. This implies that S has at least one hub vertex.
If S has exactly one hub vertex u, then consider a second spanner S having some hub vertex u (and possibly others). In S , there is a connector v adjacent to both u and u , or to u and some u if u = u . In either case, v must be a leaf of S and so must be adjacent to u in S, a contradiction. Therefore, S has at least two hub vertices.
Suppose that S has exactly two hub vertices, u 1 and u 2 . Neither u 1 nor u 2 can be a hub in any other spanner S ∈ S. If one of them were, then there would be a connector v adjacent to u 1 and u 2 in S . This v must be a leaf in S and therefore adjacent to either u 1 or u 2 , a contradiction. Thus, the hubs of the spanners in S\{S} must come from the p − 2 vertices of U \{u 1 ; u 2 }.
Let u 3 be a hub vertex of S ∈ S\{S}, and u 4 be a vertex of U \{u 1 ; u 2 ; u 3 }. In S , there is a connector v adjacent to both u 3 and u 4 . Vertex v must be a leaf vertex in each of the p − 3 spanners of S\{S; S }, but it has only p − 4 edges to U \{u 1 ; u 2 } remaining. This implies that v can not be adjacent to a hub in each of these spanners, a contradiction. Thus, every spanner in S contains at least three hub vertices. Since each connector has degree 2, a spanner with h hubs uses ( Using the results from above, one can construct a table showing bounds on EDS (K p; q ; 2) for various values of p and q. Although for some values of p and q we know EDS(K p; q ; 2) exactly, for many p and q the bounds are not tight. The resulting bounds are shown in Table 1 for p6q618.
The diagonal entries (p = q) of the table come from Theorem 2.7 and hereafter we will limit our discussion to the non-diagonal entries. The values for p = 2 come from Theorem 2.6. All of the bounds for p = 3 also come from Theorem 2.6, except for the upper bounds for q = 4; 5 which come from Lemma 4. 
